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EXTENDING H” FUNCTIONS FROM SUBVARIETIES
TO REAL ELLIPSOIDS

KENZO ADACHI

ABSTRACT. Let Q be a domainin C” which is a somewhat generalized type of
the real ellipsoid. Let V' be a subvariety in Q which intersects 9 transver-
sally. Then there exists an operator E: HP (V) — HP(Q) satisfying Ef|y = f .

1. INTRODUCTION

The H’ extension problem from subvarieties in a strictly pseudoconvex do-
main was studied by Henkin [10], Adachi [1, 2, 3], and Hatziafratis [9] when
p = oo, and then, by Cumenge [6], and Beatrous [4] when p € (0,00). Let D
be a real ellipsoid, i.e.,

N N
D= {x+iyeCN: inz"‘ +nym’ < 1} ,

i=1 i=1
where n,,...,ny and m,,...,m, are positive integers. Then Diederich-
Fornaess-Wiegerinck [7] proved Holder estimates for solutions of & problem
in D. In their proof, they used the explicit integral formula which involves
the support function ®({, z), depending holomorphically on z. On the other
hand, Hatziafratis [8] constructed the integral formula for holomorphic func-
tions in a subvariety of a bounded pseudoconvex domain with smooth boundary.
His results are the extension of an earlier work of Stout [12]. In the present pa-
per, by applying the integral formula constructed by Hatziafratis, we study the
H? extension from subvarieties in a convex domain Q, which is a somewhat
generalized type of the real ellipsoid D . Finally, we shall adopt the convention
of denoting by ¢ any positive constant which does not depend on the relevant
parameters in the estimate.

2. PRELIMINARIES AND RESULTS

Let s,(x,), t,(y,) be real analytic functions on [0, a]. We set

¢,(x) =s,(x)) and y,(v,)=1,0)).
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Suppose that ¢,, ¥, (i=1,...,N) satisfy the following conditions:
(i) ¢/(x;)>0, y'(y) >0 for i=1,...,N.
(i) ¢;(a)> 1, y(a)>1, ¢,(0)=w,(0)=0 for i=1,...,N.
(iii) ¢7(x;) >0 for x, #0, y/'(y,) >0 for y, #0.
We set
N

N
p(z) = Zqﬁi(x,.) + Z w,(y)—1 forz=(x +iy,...,xy+1iyy).
i=

i=1
Let
Q={zeC": p(z)<0}.
Let V bea subvariety in a neighborhood Q of Q which intersects 9Q trans-
versally. Suppose that V' is written in the following form:
V={zeQ:ih(z)=--=h(z)=0} (m<N),

where h,,...,h, are holomorphic functions in Q which satisfy

> m

dh A---NOh ANOp#0 on¥V NoQ.
Let V = V' nQ. For any bounded domain G with smooth boundary in a
complex variety, we denote by H”(G) the Hardy class on G. Then we have

Theorem 1. Let f € H?(V) (1 < p < o). Then there exists a function F €
H”(Q) such that F(z) = f(z) for z€ V.

Theorem 2. Suppose that V' has no singular points. Let [ be a holomorphic
function on V with [, |f|"do < oo (1 < p < o). Then there exists a holo-
morphic function F on Q satisfying F = f on V, and fQ|F|” du < oo, where
do and du are Lebesgue measures on Q and V , respectively.

We set
hi(x;, &) = $.(x)) — $,(&) — B,(E)(x, = &,).
Then we have
Lemma 1. h/(x,,{) >0 for x, #¢;.
Proof. We consider the case x; <0, ¢, > 0. The other cases are similar. Then
we have

h,‘(-xi aé,’) = ¢i(—x,‘) - ¢,(§,) - ¢;(é,)(x, - é,)
= “2x,41(E) + ¢ (c)(x, +&)° for some ¢, # 0.

Since q’)ﬁ(éi) >0 for &, >0, we obtain the desired result.
For simplicity, we omit the index i/ in Lemma 2 and Lemma 3. In some
neighborhood of 0, ¢(x) can be written in the following form:

¢(x)=bkx2k+bk+1x2k+2+--~ (by >0,k >1).

Then we have the following lemma.
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Lemma 2. There exist positive constants ¢ and ¢ such that

h(x,8) > cl¢"@)(x = &)’ + (x =™ for x| <e, [¢] <e.
Proof. Let x(t),&(¢) be real analytic functions in a neighborhood of 0 satisfying
x(0) =¢&(0) =0. Then

x(t) = v,t’ +o("), &) =wyt’ +o(t"),
p>1, vl +w #0.

To prove the Lemma 2, by the curve selection lemma of Bruna-Castillo [5], it
is sufficient to show that for |¢| sufficiently small,

h(x(1),E(1)) > el (E(0)(x(r) = &) + (x(2) = (1)) 1.

Since ¢(x) = b x™ + b, x*** + ... itis easily shown that
h(x(1),E() = b [og" —wg' — 2kwg ™ (v — w)]e?* + o(£7F).
On the other hand we have
¢ (EO)x(1) = E0) + (x(0) - &)™
= [2k(2k — D)bw "2 (v, —wy)’ + (v, — wy) 1 + o(£74),

By Diederich-Fornaess-Wiegerinck [7], there exists a positive constant 6 such

that
2k

Yy

- ‘wgk - 2kwgk_l(vO - w,)
2%-2 2 2k
> d0[wy (v, —wy)” + (vy —wy) ] for vy # w,.

Therefore, if v, # w,, we have for |¢| sufficiently small,

h(x(1),&(1) > c[8" (E(0)(x(2) = E(1) + (x(1) - E(1))
In case v, = w,, we take ¢ as a new parameter. Then we have
x(&) =&+ A" +0(i¢]Y),

where « is a rational number greater than 1. We write x(¢) in the following
form x(&) =&+ &"w(€). Then we have

2k

1.

h(x(£),8) = b€+ wE) & - 2je " e w(e)

j=k

j°° 2j 2 Yi—ivai .
=262 ( ,.’)é T w ey

j=k =2

2k - (X bl 167
b, ( ! )lzézk 242 +0(|é|2k 242 )

On the other hand,
¢"(&)(x(&) — &) + (x(&) - ™
_ 2k(2k _ 1)bk/1252k—2+2u + 0(|fl2k_2+2a) + ACZka + 0(l§|2ka)
= 0.
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Therefore we have
h(x(€),8) 2 c[¢"(€)(x(€) — &) + (x(&) - &)™,
for |¢| sufficiently small. This completes the proof of Lemma 2.

Lemma 3. Let ¢(x),h(x,&) be as in Lemma 2. Then we have

h(x,8) 2 ¢ ()(x = &) + (x =)™
for |x|<a, i{|<a.
Proof. From Lemma 2, there exists an ¢ > 0 such that

h(x,&) > c[¢"(E)(x — &) + (x &)™ for |x| <&, |¢] <e.

If |&| > ¢, |x —¢&| small, then |x| > ¢/2. Suppose that x <0, £ > 0. Then
we obtain
h(x,&) > =2x¢'(€) > c.
The other cases are proved similarly. This completes the proof of Lemma 3.
Thus we have proved that

(1) ¢,(x,) = ¢,(&) — (&N (x, = &,)
> el (&) (x, — &) + (x, — &)™,
(2) w.(v) - w.(n) — i(ni)(y,— )

2 C[!//,"(’?,)(J’, - 71,)2 + (y,' - ’7,‘)2’”,]

for £, € [0,a], n, € [0,a], i = 1,...,N. Without loss of generality, we
may assume that m, < n, for i = 1,...,N. We set, for Cj = éj+ir1j,

p;(&,) = ¢(é)+v/('7)and

F((.2)= 2520z, - )

c
+ 21w (1) = 67 EN(z, = ) + (2, - L)L,
where y will be determined later. Using (1), (2), we obtain, for z; =X+ iyj ,
Re(=p;(¢) +p;(z) + Fi(¢;.2))
=—¢,(&) —v,(n) +6,(x,) +v;(v,)
— (&) (x; = &) + v, (n) v, = n))]
+9(w () = ¢ EDNx, =€) = (v, = 1)} + 7 Rel(z, - )]
> ¢ (é (e = )(x, é,-f +7(0, = 1)} + 7 Rel(z, - )]
v (n){c—7 > — )t H(x, = &) +ely, - )"
If we choose y > 0 small enough, then it holds that (see [7, Proposition 3.5]),

24 2m; 2m,
ey, —n)" +yRel(z; = L) 2 clz = 1T
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Therefore we have for sufficiently small y,

5 —p,({)+p,(z) +ReF((;.2))
> c[(@7(&) + v )z, - L + 1z, = ™).
)

Now we fix y so that the inequality (3) holds. We set

N
Z(&z)

Then we obtain
p(C) + p(Z) +ReF((,z2)

@ >c2{(¢ Yz, - CF 4z, - P

for ({,z) € Q x Q. We set, for Cj =éj+inj e Q, Z, =X, +1iy; € Q,
j=1,...,N,

" n

)+ )~ 8 ENz, — L)+ (2, - L)

3
Pj(Cj,Zj): C

Then N
Z) =ZPJ(C’ZJ')(ZJ' - CJ)

j=1
For ¢ > 0 sufficiently small, we set

V.={zeV:p(z)<—-e} and Q,={z€Q:p(z)<—¢}.
Let /™ be the boundary value of f € H?(V) (1 < p < o). Then [~ €
LP(3V). Now we are going to prove the following.

Proposition 1. For fe€ H* (V) (1 <p <o), and z €V, we have the formula

where
(1) K(¢,z) is written as

>

K=(ky oo shky—m—1)
=(m

N —m)

O‘K‘S(C,Z)/\jv lm By P /\N m ”
F(C,Z)A m

i

s
where k, ...,k
from each other o

(ii) ay ¢(C,z) are smooth on Q x Q, holomorphic in z € Q.

Proof. We follow the proof of Lemma 1.1 of Stolj_t [13]. Fix ze V. As f €
HP(V), f is holomorphic in a neighborhood of V, in V. By the assumption

N_m_y are positive integers between | and N which are different
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imposed on V', there exists ¢, >0 such that (i) z€ V, (i) 0h A---AOh, A
dp#0 on 9V for ¢ €[0,¢,]. So by the theorem of Hatziafratis [8], we have

f(z)= S(w)K(w,z) foree(0,¢]
aVe

If we choose ¢, sufficiently small, there exist a continuous function A: 9V x
[0,6,] = C, and a smooth map x: 8V x [0,¢,] — ¥ such that for fixed ¢,
x(-,¢€) takes 9V diffeomorphically onto the surface 9V, , x(-,0) the identity,
and such that

/ fw)K(w,z) = / F(w ., e)K (x(w.e), 2)Aw ).
av; oV

Since x(w,e) — w, nontangentially as ¢ — 0+, the dominated convergence
theorem implies (cf. Stein [11]) that the integral on the right tends, as ¢ — 0+,
to [, f *(w)K(w, z) . This completes the proof of Proposition 1.

We set

F(z)=| fY(OK(,z) forzeQ.
ov

Then F(z) is a holomorphic function in Q which satisfies F(z) = f(z) for
ze V. Let ¢(x) be the function as in Lemma 2. Then we have

Lemma 4. Let A be a positive number, close to 0, and q be a positive integer.
Let xe[-R,R], 0<R<a/2. Weset

I / 4" (x — 0)||1|do dt

: ltl<Rijol<r [A+ ¢" (x — 6)(1° + 62) + (* + 6217’

I - // l¢" (x — 7)||tr|drda

2 lrl<Riol<k [A+ ¢"(x — T)(T* + a1~

I / ¢"(x —1)dtrdo

3 ltl<R:ol<r [A + ¢"(x — 1) (1> + )¢
Then, for j =1,2,3,

1) <cllogd| ifg=1,
1 <ca'™ ifg>1,
where c is independent of x .
Proof. There exists ¢ > 0 such that, for |x| <e¢,

$(x) = bx™ + b X H (b >0,k > 1),
We may assume that |x — g| < &' <e&. Then
" (x-0)>cx—a) T, 16" (x - o) < cjx — o) TP,

where u(k)=3 when k>2,
uk)y=1,-1,-3,..., whenk=1.
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Therefore we have

[ < // Ix — o|*“%ir|drdo
1 =¢ %—3,1 . 2 D NAT
ltl<R;lo|<R [A + |x — g ("+0)+(t"+0°)"]

1 2k—u(k)
IzSC//l |x — 1| |t|dtdao

t|<Rilo|<R [A + |x — ‘[|2k—2(1'2 + o)) ’

|x — lek—z dtdo
Iy<c / / %-2,2 , 24"
lt]<R:lo|<R [A + |x — 7|7 (1" + 0°))?
From the Lemma 4.1 of Diederich-Fornaess-Wiegerinck [7], we obtain the de-
sired results. This completes the proof of Lemma 4.

Let B, (i=0,1,...,M), be balls with centers on 9V and radius r, which
form a cover of 9V . Let El. be the ball with the same center as B, and radius
2r,. Weset N—m =s. Since 0h  A---AOh, NOp # 0 on 9V, we may
assume, for r, sufficiently small,

. op ~
(1) afs(z) >c¢>0 forzeB,,
(i) VAB,={z€Byz, = =z,=0}

Then 5 5 5 5
P P :
LA:—?(Z)T—T(Z)T (J=1y9s_1)
0z, 6zj 821 0Z,
form a base for the (0, 1) tangential vector fields on 9V N Eo- By a simple
computation, we have
IL,P|<6,cle] (&) +w, (n)+ (1" () + 18, €Dz, = &1,

for i #5,
LB < c| o2 < cllg (&) + v n)]
=gz | = e Vil

3. PROOF OF THEOREM 1
Without loss of generality, it is sufficient to show that
(5) sup/ |F(z)["dS,(z) < o0,
e>0 JoQ.NBy

where dS,(z) is the element of surface area on 9Q, . We set
rj=Re(zj—Cj), aj=Im(zj—Cj), j=1,...,N,
A=ImF((,z), p=p)-p(2).

By the transversality of V', for Ce@Qnﬁo fixed, T, 0;, A,p (J=1,...,

s—1,s+1,...,N) form coordinates of —Qﬂgo in such a way that T,,0;, A
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(j=1,...,s—1) form coordinates of 8Vﬂ§0 for ze§m§0 fixed. We set

H(z) = / O ).
VB,

Then we have

[ iHlds)

99, B,
< * K(,2)|dSe(z) ) d
-/mzo'f (4)1(/09508“ (€.2) <>) a(0)

<c /,, o, TN oE)

X/ I €07 &) + vl (n)) + () ()] + 19" (€D z; = {1} dSe(2)
oeny [1p(2)] + S0 {(87(E) + W' DG — 212 +18 = 2Py + 1Al
Using Lemma 4, we obtain

/ |H(z)|dS,(z)
JQ:NBy

<e /d T ©1de) /TM

|lon|<R

dt,---do,

log (8 + Z (rzm’ + nzm’))

j=s+1

<c[ 1rwlde.
Thus we have proved the inequality (5) when p =1. Incase p > 1, we take ¢
such that 1/p+1/g=1. Let z € B Then for { € 8VnB0, we can write
K(,2)=T(,z)dt Ado A---Ndt,_ Ada,_, NdA.
By applying Holder’s inequality, we have

mer<e(f 2 FOPIT(E.2) 20)) ([ LT, z)lda(o)p/q.

By applying the method in case p = |, we can easily prove the inequality (5),
which completes the proof of Theorem 1.

4. PROOF OF THEOREM 2

Weset B({,z) = —-2p({)+ F({,z) and B,({,z)=-2p({) + F({,z) -
Then we obtain
ReB({,z) > —p({) — p(2)

N
2 2
+ed &)+ )z =1 +1z, - 1Y,
j=1
for ({,z) € Q x Q. The integral formula in Proposition 1 also holds when we
replace F({,z) by B,({,z), V by V,,and f* by f. Since V is nonsingular,
by applying Stokes’ theorem, we have letting ¢ — 0,

f(z) = /; f(0)3,K(L,z) forzeV.
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Each term of 9,K({,z) consists of

Fpay (¢ z)/\S"aP /\,,dg ay (L, )/\j,aP Ai_, d¢,
and
B((,z) B((, z)*H!

where o ks are smooth functions. We set

F(z) = /Vf(C)5CK(C,z) for z € Q.

Then F(z) is the holomorphic function in Q which satisfies F(z) = f(z) for
z € V. Using the same method as in the proof of Theorem 1, we can obtain
the desired result. This completes the proof of Theorem 2.
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