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EXTENDING H P FUNCTIONS FROM SUBVARIETIES 
TO REAL ELLIPSOIDS 

KENZ5 ADACHI 

ABSTRACT. Let Q be a domain in en which is a somewhat generalized type of 
the real ellipsoid. Let V be a subvariety in Q which intersects oQ transver-
sally. Then there exists an operator E: HP(V) -+ HP(Q) satisfying EJJv = J. 

1. INTRODUCTION 

The H P extension problem from subvarieties in a strictly pseudoconvex do-
main was studied by Henkin [10], Adachi [1, 2, 3], and Hatziafratis [9] when 
p = 00, and then, by Cumenge [6], and Beatrous [4] when P E (0,00). Let D 
be a real ellipsoid, i.e., 

D = { x + iy E eN: t. x:n; + t. y:m; < 1 } , 

where n 1 ' ••• ,n Nand m 1 ' ••• ,m N are positive integers. Then Diederich-
Fornaess-Wiegerinck [7] proved Holder estimates for solutions of If problem 
in D. In their proof, they used the explicit integral formula which involves 
the support function <1>((, z), depending holomorphically on z. On the other 
hand, Hatziafratis [8] constructed the integral formula for holomorphic func-
tions in a subvariety of a bounded pseudoconvex domain with smooth boundary. 
His results are the extension of an earlier work of Stout [12]. In the present pa-
per, by applying the integral formula constructed by Hatziafratis, we study the 
H P extension from subvarieties in a convex domain n, which is a somewhat 
generalized type of the real ellipsoid D. Finally, we shall adopt the convention 
of denoting by c any positive constant which does not depend on the relevant 
parameters in the estimate. 

2. PRELIMINARIES AND RESULTS 

Let Si(X) , li(y) be real analytic functions on [0, a]. We set 
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Suppose that ¢i' 'IIi (i = 1, ... ,N) satisfy the following conditions: 
(i) ¢~' (x) ~ 0, 'II;' (y) ~ 0 for i = 1, ... ,N . 
(ii) ¢i(a) > 1, 'IIi(a) > 1, ¢i(O) = 'IIi(O) = 0 for i = 1, ... ,N. 
(iii) ¢~' (x) > 0 for Xi =j:. 0, 'II;' (y) > 0 for Yi =j:. O. 
We set 

N N 
p(z) = E¢i(Xi) + E 'IIi(Y) - 1 for z = (XI + iyl , ... ,xN + iYN)· 

i=1 i=1 

Let 
Q = {z E eN: p(z) < O}. 

Let V be a subvariety in a neighborhood n of Q which intersects aQ trans-
versally. Suppose that V is written in the following form: 

(m < N), 

where hI' ... ,hm are holomorphic functions in Q which satisfy 

ahIA···AahmAap=j:.O on vnan. 

Let V = V n n. For any bounded domain G with smooth boundary in a 
complex variety, we denote by H P (G) the Hardy class on G. Then we have 

Theorem 1. Let f E H P (V) (1:::; p < 00). Then there exists a function F E 
HP(Q) such that F(z) = f(z) for Z E V. 

Theorem 2. Suppose that V has no singular points. Let f be a holomorphic 
function on V with Iv IflP d(J < 00 (1:::; p < 00). Then there exists a holo-
morphicfunction F on Q satisfying F = f on V, and In IFIP df-l < 00, where 
d (J and d f-l are Lebesgue measures on Q and V, respectively. 

We set 

Then we have 

Lemma 1. h/xi' <!) > 0 for Xi =j:. <!i . 
Proof. We consider the case Xi < 0, <!i ~ O. The other cases are similar. Then 
we have 

hi(xi , <!) = ¢J -Xi) - ¢J<!) - ¢;(<!;)(Xi - <!i) 
, I 1/ ;:)2 .. 0 = -2xi¢J<!) + 2¢; (C)(Xi + "'i tor some ci =j:. . 

Since ¢~(<!i) > 0 for <!i > 0, we obtain the desired result. 
For simplicity, we omit the index i in Lemma 2 and Lemma 3. In some 

neighborhood of 0, ¢(x) can be written in the following form: 
2k 2k+2 ¢(x) = bkx + bk+lx + ... (bk > O,k ~ 1). 

Then we have the following lemma. 
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Lemma 2. There exist positive constants e and c such that 
" 2 2k h(x ,<!) ~ c[</> (<!)(x - <!) + (x - <!) ] Jor Ixl < e, I<!I < eo 

Proof. Let x(t), <!(t) be real analytic functions in a neighborhood of 0 satisfying 
x(O) = <!(O) = 00 Then 

x(t) = vot + o(t) , <!(t) = wot + o(t) , 

p ~ 1, 
To prove the Lemma 2, by the curve selection lemma of Bruna-Castillo [5], it 
is sufficient to show that for It I sufficiently small, 

h(x(t), <!(t)) ~ c[</>" (<!(t))(x(t) - <!(t))2 + (x(t) - <!(t))2k]o 

Since </>(x) = bkx 2k + bk+JX2k+2 + 000 , it is easily shown that 
2k 2k 2k-J 2pk 2pk 

h(x(t) ,<!(t)) = bk[vO - Wo - 2kwo (vo - wo)]t + o(t )0 
On the other hand we have 

</>"(<!(t))(x(t) - <!(t))2 + (x(t) - <!(t))2k 
2k-2 2 2k 2kp 2pk 

= [2k(2k - l)bkwo (vo - wo) + (vo - wo)]t + o(t )0 
By Diederich-Fornaess-Wiegerinck [7], there exists a positive constant f5 such 
that 2k 2k 2k-J Vo - Wo - 2kwo (vo - wo) 

U-2 2 U > f5[wo (vo - Wo) + (vo - Wo) ] for Vo =I- WOo 
Therefore, if Vo =I- Wo ' we have for It I sufficiently small, 

h(x(t) ,<!(t)) ~ c[</>" (<!(t))(x(t) - <!(t))2 + (x(t) - <!(t))2k]o 

In case Vo = wO ' we take <! as a new parameter. Then we have 

x(<!) = <! + A<!a + o(l<!n , 
where a is a rational number greater than 1. We write x(<!) in the following 
form x(<!) = <! + <!"w(<!) 0 Then we have 

00 

h(x(<!) ,<!) = L bj {(<! + <!uW(<!))2i _ <!2i _ 2j<!2J-J<!aW(<!)} 
i=k 

On the other hand, 

</>" (<!)(x(<!) _ <!)2 + (x(<!) _ <!)2k 

= 2k(2k _ 1)bkA2<!2k-2+2u + 0(1<!12k-2+2U) + A<!2ka + o(l<!12ka ) 

= O(I<!1 2k - 2+2,,)o 
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Therefore we have 

h(x(~),~) ~ C[¢" (~)(X(~) _ ~)2 + (X(~)- ~)2k], 

for I~I sufficiently small. This completes the proof of Lemma 2. 

Lemma 3. Let ¢(x) ,h(x ,~) be as in Lemma 2. Then we have 

for Ixl~a, 1~I~a. 
Proof. From Lemma 2, there exists an e > 0 such that 

h(x ,~) ~ c[¢"(~)(x - ~)2 + (x - ~)2k] for Ixl ~ e, I~I ~ e. 

If I~I ~ e, Ix - ~I small, then Ixl ~ e12. Suppose that x < 0, ~ > O. Then 
we obtain 

h(x ,~) > -2x¢'(~) > c. 

The other cases are proved similarly. This completes the proof of Lemma 3. 
Thus we have proved that 

( 1 ) ¢(x) - ¢(~.) - ¢'(~)(x - ~.) 
/ I I I I l I I 

" 2 ~ ~ C[¢i (~i)(Xi -~) + (Xi -~) '], 

(2) 1fI,(Y) - lfIi(YJ i ) - 1fI;(YJ)(Yi - YJ i ) 
" 2 2m, 

~ C[lfIi (YJi)(Yi - YJ i ) + (Yi - YJ) ] 

for ~i E [0, a], YJ i E [0, a], i = 1, ... , N. Without loss of generality, we 
may assume that mi ~ ni for i = 1, ... , N. We set, for (j = ~j + iYJj , 
Pj (() = ¢j(~) + IfIj(YJ) and 

up 
Fj((j'z) = -28((0(Zj - () 

j 

+ Y[(IfI;'(YJ) - ¢;(~))(Zj - ()2 + (Zj _ () 2mJ] , 

where y will be determined later. Using (I), (2), we obtain, for Zj = Xj + iYj , 

Re( -Pj (() + Pj(z) + Fj((j' z)) 

= -¢j(~) - IfIj(YJ) + ¢j(x) + IfIj(Y) 

- [¢:(~)(Xj - ~) + 1fI;( YJ)(Yj - YJ)] 
"" 2 2 2m + Y(lfIj (YJ) - ¢j (~)){(Xj -~) - (Yj - YJ) } + Y Re[(zj - () J] 

" 222m 
~¢j(~){(C-Y)(Xj-~) +Y(Yj-YJ) }+yRe[(zj-() J] 

" 222m· + IfIj(YJ){(C-Y)(Yj-YJ) +Y(Xj-~) }+C(Yj-YJ) J. 

If we choose y > 0 small enough, then it holds that (see [7, Proposition 3.5]), 
2m· 2m 12m C(Yj - YJ) J + yRe[(zj - () J] ~ clz) _ () J. 



HP FUNCTIONS 

Therefore we have for sufficiently small y, 

- Pj(C) + Pj(Z) + ReFj(Cj , z) 

II ): II I r 12 I r 12m} 2: C[(¢j(") + IfIj (11)) Zj -'oj + Zj -'oj ]. 
(3) 

Now we fix y so that the inequality (3) holds. We set 
N 

Then we obtain 

F(C z) = LFj(Cj , z). 
j=l 

- p(C) + p(z) + ReF(C, z) 

(4) 

355 

for (C z) E Q x Q. We set, for Cj = ~j + irJj E Q, Zj = Xj + iYj E Q, 
j = 1, ... ,N, 

Then 
N 

F(C, z) = L Pj(Cj , z)(Zj - Cj ). 
j=l 

For e > 0 sufficiently small, we set 

~ = {z E V: p(z) < -e} and Qo = {z E Q: p(z) < -e}. 

Let f* be the boundary value of f E H P (V) (1 :::; p < 00). Then j* E 
LP (a V). Now we are going to prove the following. 

Proposition 1. For f E H P (V) (1:::; p < 00) , and Z E V, we have the formula 

fez) = fuv f* (C)K(C z), 

where 
(i) K(C z) is written as 

K=(k l •••• • k,~·-m-d 
S=(UI ..... u.~·-m) 

where k1 , ••• ,kN - m - 1 are positive integers between 1 and N which are different 
from each other. 

(ii) Q K .s(C ,z) are smooth on Q x Q, holomorphic in z E Q. 

Proof. We follow the proof of Lemma 1.1 of Stout [13]. Fix Z E V. As f E 
HP(V), f is holomorphic in a neighborhood of Vo in V. By the assumption 
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imposed on V, there exists e l > 0 such that (i) z E ~I (ii) 8h l /\ ... /\ 8hnJ\ 
8 P =I- 0 on 8 V for e E [0, e I]' SO by the theorem of Hatziafratis [8], we have 

f(z) = f f(w)K(w, z) for e E (O,ed. 
JiJVe 

If we choose e 1 sufficiently small, there exist a continuous function Ll: 8 V x 
[0, ed --+ C, and a smooth map x: 8 V x [0, ed --+ V such that for fixed e, 
X(', e) takes 8 V diffeomorphically onto the surface 8 ~, X(', 0) the identity, 
and such that 

f f(w)K(w, z) = f f(x(w, e))K(x(w, e), z)Ll(w, e). 
JiJVe JiJv 

Since X(w, e) --+ w, nontangentially as e --+ 0+, the dominated convergence 
theorem implies (cf. Stein [11]) that the integral on the right tends, as e --+ 0+ , 
to JiJV j*(w)K(w, z). This completes the proof of Proposition 1-. 

We set 
F(z) = f f*(C)K(C, z) for ZEn. 

JiJV 
Then F(z) is a holomorphic function in n which satisfies F(z) = f(z) for 
z E V. Let cp(x) be the function as in Lemma 2. Then we have 

Lemma 4. Let A be a positive number, close to 0, and q be a positive integer. 
Let x E [-R,R], 0 < R < a12. Weset 

I _j"f Icp"'(x-O')llrldO'dr 
1 - J1rl<R;lal<R [A + cp"(x _ O')(r2 + 0'2) + (r2 + O'2)k]q , 

I -j"f Icp"'(x-r)llrldrdO' 
2 - J1rl<R;lal<R [A + cp"(x - r)(r2 + O'2W ' 

13 = j" f cp" (x - r) d r dO'. 
J1rl<R;lal<R [A + cp"(x - r)(r2 + O'2)]q 

Then, for j = 1 , 2 , 3 , 
IIjl ~ cllogAI ifq = 1, 

II) :::; cA I - q ifq> 1, 

where c is independent of x . 
Proof. There exists e > 0 such that, for Ixl < e, 

2k 2k+2 cp(x)=bkx +bk+lx +... (bk >0,k2: 1). 

We may assume that Ix - 0'1:::; e' < e. Then 

cp" (x - a) 2: c(x - O')2k-2, Icplll (x - 0')1 :::; clx _ O'I 2k - ll (k) , 

where Il(k) = 3 when k 2: 2, 

Il(k) = 1, - 1, - 3, ... , when k = 1. 
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Therefore we have 

/ " f Ix - O'I 2k- f1(k)lrl dr dO' 
II :::; C J1rl<R;lal<R [A + Ix _ O'I 2k- 2(r2 + 0'2) + (r2 + O' 2 )k]q , 

f"f Ix-rI2k-f1(k)lrldrdO' 
12 :::; C J1rl<R;lal<R [A + Ix _ rI 2k- 2(r2 + O' 2W ' 
I f" f Ix - r1 2k - 2 dr dO' 
3:::; C J1rl<R;lal<R [A + Ix _ rI 2k- 2(r2 + O'2W· 

From the Lemma 4.1 of Diederich-Fornaess-Wiegerinck [7], we obtain the de-
sired results. This completes the proof of Lemma 4. 

Let Bi (i = 0,1, ... ,M), be balls with centers on a v and radius '0 which 
form a cover of a V. Let Bi be the ball with the same center as Bi and radius 
2'0. We set N - m = s. Since ah l " ... " ohm" ap ¥ 0 on av, we may 
assume, for '0 sufficiently small, 

( i) 

( ii) 

Then 

I :~ (Z)I ;::: C > 0 for Z E Bo' 

VnBo = {z E Bo: ZS+I = ... = ZN = O}. 

ap a ap a 
L j = !'}_ (z) !'}_ - !'}_ (z) !'}_ (j = 1, ... ,s - 1) 

uZs uZj uZj uZs 

form a base for the (0, 1) tangential vector fields on a v n Bo. By a simple 
computation, we have 

ILjPil :::; JjA¢~' (~J + 1fI;' (17i) + Y(IIfI;" (17i)1 + I¢~" (c;i)l)lzi - Cil1, 

for i ¥ s, 

3. PROOF OF THEOREM 1 
Without loss of generality, it is sufficient to show that 

(5) sup f IF(z)IP dSe(z) < 00, 
e>O JUQ,nBo 

where dSe(z) is the element of surface area on one. We set 

rj = Re(zj - C), O'j = Im(zj - C), 
A=ImF(C,z), p=p(C}-p(z). 

j = 1, ... ,N, 

By the transversality of V, for C E an n Bo fixed, rj , O'j , A, p (j = 1, ... , 
s - 1, s + 1, ... ,N) form coordinates of n n Bo in such a way that rj , O'j , A 
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(j = I , ... ,S - I) form coordinates of 8 V n Eo for z E Q n Eo fixed. We set 

H(z) = r ~ f* (OK(C z). luvnBo 
Then we have 

1 )H(z)) dSe(z) 
UQ,nBo 

S 1 - )1*(0) (1 )K(C z)) dSe(Z)) da(O 
uvnBo UQ,nBo 

s c r _ )/(0) da(O 
JuvnBo 

1 TIj:;{4>j(¢j) + /f/j'(I/j) + ()/f/j"(I/j)) + )4>j'(¢j))))Zj - (j)}dSe(z) 

x UQ,nBo [)p(z)) + I:.f=I{(4)j(¢j) + /f/j'(l/j)))(j - Zj)2 + )(j - Zj)2mJ} + )AW' 

Using Lemma 4, we obtain 

In,nBo IH(z)1 dSe(z) 

::; C lvnBo If*(OI da(O frs,I,<R log (e +tl(,~m) + y/~mJ)) d,s'" dan 
lanl<R J=S+ 

::; c lv If*(Olda((). 

Thus we have proved the inequality (5) when p = I . In case p > I, we take q 
such that lip + Ilq = I. Let z E Eo' Then for (E 8 V n Eo, we can write 

K(Cz) = T(Cz)d'IAda1A"·Ad's_IAdas_1AdA. 
By applying Holder's inequality, we have 

IH(z)IP ::; c (lvnBo If(OIPIT((, z)1 da(o) (lvnBo IT((, z)1 da(O r/q 

By applying the method in case p = 1 , we can easily prove the inequality (5), 
which completes the proof of Theorem 1. 

4. PROOF OF THEOREM 2 

We set B((, z) = -2p(() + F((, z) and Be((, z) = -2p(C) + F((, z) - 2e. 
Then we obtain 

ReB((, z) ~ -p(C) - p(z) 

j=l 

for ((, z) E Q x Q. The integral formula in Proposition 1 also holds when we 
replace F((, z) by Be((, z), V by ~,and f* by f. Since V is nonsingular, 
by applying Stokes' theorem, we have letting e ~ 0, 

f(z) = Iv f(()8,K(C z) for z E V. 
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Each term of li,K(' , z) consists of 

and 

where G.K ,s are smooth functions. We set 

F(z) = Iv f(')li,K(C z) for z E!l 

Then F(z) is the holomorphic function in n which satisfies F(z) = f(z) for 
z E V. Using the same method as in the proof of Theorem 1, we can obtain 
the desired result. This completes the proof of Theorem 2. 
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